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Abstract
We investigate some inequalities connected with the Hyers–Ulam stability of three functional equations,
which have a solution of the form ϕ = a + q, where a is an additive mapping and q is a quadratic one.
© 2005 Elsevier Inc. All rights reserved.
Keywords: Stability; Additive and quadratic functionals
1. Introduction
Let (G,+) be an abelian group and let (X,‖ · ‖) be a Banach space. A map a :G → X is said
to be additive iff it satisfies the Cauchy functional equation:
a(x + y) = a(x) + a(y), x, y ∈ G.
A map q :G → X is said to be quadratic iff it satisfies the Jordan–von Neumann functional
equation:
q(x + y) + q(x − y) = 2q(x) + 2q(y), x, y ∈ G.
Quadratic mappings are characterized by the following statement (see, e.g., Aczél and Dhombres
[1, Chapter 11, Proposition 1]):
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B :G × G → X such that
q(x) = B(x, x), x ∈ G.
Moreover,
q(x + y) − q(x) − q(y) = 2B(x, y), x, y ∈ G.
Now, let a :G → X be additive, q :G → X be quadratic and ϕ = a + q . Then the following
equalities hold:
ϕ(x + y) + ϕ(x − y) = 2ϕ(x) + ϕ(y) + ϕ(−y), x, y ∈ G, (A)
ϕ(x + y + z) + ϕ(x) + ϕ(y) + ϕ(z)
= ϕ(x + y) + ϕ(y + z) + ϕ(z + x), x, y, z ∈ G, (B){
ϕ(x + y) − ϕ(x) − ϕ(y) = 2B(x, y), x, y ∈ G,
B(x,−y) = −B(x, y), x, y ∈ G. (C)
Conversely, under certain assumptions imposed upon G and X each of the foregoing equations
has its general solution of the form ϕ = a+q , where a is an additive mapping and q is a quadratic
one. The first equation, known as the equation of Drygas, has been investigated by Drygas [4] and
the general solution of this equation has been obtained by Ebanks et al. [5]. The second equation
has been solved by Kannappan [13] under assumption that X is a field of characteristic 0 (in
particular, this result can be applied for X = R). Finally, it can be checked that (C) implies (A).
We consider some stability problems connected with the functional equations (A), (B) and the
system of two equations (C). Our results are complementary to those of Jung [11], (connected
with the stability of (B)) and of Jung and Sahoo [12] (connected with the stability of (A)).
Our main purpose is to investigate stability problems with the right-hand side being a map
depending upon x and y, possibly unbounded. Our results are of interest especially if this map is
not even (see Remarks 1 and 2).
It is assumed that R+ = {t ∈ R: t  0}, N = {1,2, . . .} and N0 = {0,1,2, . . .}.
2. Auxiliary results
We establish two stability results for a single variable functional equation
ϕ(2x) = 3ϕ(x) + ϕ(−x), x ∈ G. (D)
In the following sections we will apply these results to investigate the stability of functional
equations (A), (B) and (C).
Lemma 1. Assume that (G,+) is an abelian group, (X,‖ · ‖) is a Banach space and a map
δ :G → R+ satisfies
+∞∑
k=0
2−kδ
(
2kx
)
< +∞, x ∈ G.
If f :G → X satisfies∥∥f (2x) − 3f (x) − f (−x)∥∥ δ(x), x ∈ G, (1)
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∥∥f (x) − ϕ(x)∥∥ 1
4
Δ(x) + 1
8
Γ (x), x ∈ G, (2)
where Δ :G → R+ and Γ :G → R+ are given by{
Δ(x) =∑+∞k=0 2−k[δ(2kx) + δ(−2kx)], x ∈ G,
Γ (x) =∑+∞k=0 4−k[δ(2kx) − δ(−2kx)], x ∈ G, (3)
respectively.
Lemma 2. Assume that (G,+) is a uniquely 2-divisible abelian group, (X,‖ · ‖) is a Banach
space and a map δ∗ :G → R+ satisfies
+∞∑
k=1
4kδ∗
(
2−kx
)
< +∞, x ∈ G.
If f :G → X satisfies∥∥f (2x) − 3f (x) − f (−x)∥∥ δ∗(x), x ∈ G, (4)
then there exists a unique function ϕ :G → X such that (D) holds and
∥∥f (x) − ϕ(x)∥∥ 1
8
Δ∗(x) + 1
4
Γ ∗(x), x ∈ G, (5)
where Δ∗ :G → R+ and Γ ∗ :G → R+ are given by{
Δ∗(x) =∑+∞k=1 4k[δ∗(2−kx) + δ∗(−2−kx)], x ∈ G,
Γ ∗(x) =∑+∞k=1 2k[δ∗(2−kx) − δ∗(−2−kx)], x ∈ G, (6)
respectively.
In fact, the two foregoing lemmas are special cases of the general result of Forti [8, Theorems 1
and 2]. It is straightforward to check this and thus we omit the motivation. However, for the
reader’s convenience we give below the sequences which approximate the map ϕ and might be
used in a direct proof of the two lemmas.
For Lemma 1 define the sequence {ϕk: k ∈ N0} of mappings on G having values in X by the
formula
ϕk(x) := 4
−k + 2−k
2
f
(
2kx
)+ 4−k − 2−k
2
f
(−2kx), x ∈ G, k ∈ N0. (7)
For Lemma 2, an appropriate sequence {ϕ∗k : k ∈ N0} is given by
ϕ∗k (x) :=
4k + 2k
2
f
(
x
2k
)
+ 4
k − 2k
2
f
(
− x
2k
)
, x ∈ G, k ∈ N0. (8)
It is worth to note that sequences of the same form were used by the author to deal with a different
problem in paper [7].
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Theorem 2. Assume that (G,+) is an abelian group, (X,‖ · ‖) is a Banach space and a map
ε :G × G → R+ satisfies{
limk→+∞ 2−kε(2kx,2ky) = 0, x, y ∈ G;∑+∞
k=0 2−kε(2kx,2kx) < +∞, x ∈ G.
(9)
If f :G → X satisfies∥∥f (x + y) + f (x − y) − 2f (x) − f (y) − f (−y)∥∥ ε(x, y), x, y ∈ G, (10)
then there exists a unique function ϕ :G → X such that (A) and (2) hold, where Δ :G → R+
and Γ :G → R+ are given by (3) and
δ(x) = ε(x, x) + 1
2
ε(0,0), x ∈ G.
Proof. Apply (10) with x = y = 0 to get that ‖f (0)‖ ε(0,0)/2. Then substitute y = x in (10)
to obtain∥∥f (2x) + f (0) − 3f (x) − f (−x)∥∥ ε(x, x), x ∈ G.
From this we derive∥∥f (2x) − 3f (x) − f (−x)∥∥ ε(x, x) + 1
2
ε(0,0), x ∈ G.
Define δ :G → R+ by δ(x) = ε(x, x) + ε(0,0)/2 for x ∈ G and observe that the assumptions of
Lemma 1 are satisfied. Thus, to finish the proof we need only to observe that (A) holds. By (10)
we have∥∥f (2kx + 2ky)+ f (2kx − 2ky)− 2f (2kx)− f (2ky)− f (−2ky)∥∥
 ε
(
2kx,2ky
)
, x, y ∈ G,
and ∥∥f (−2kx − 2ky)+ f (−2kx + 2ky)− 2f (−2kx)− f (−2ky)− f (2ky)∥∥
 ε
(−2kx,−2ky), x, y ∈ G.
Multiply both sides of the first inequality by (2−k + 4−k)/2 and of the second one by
(2−k − 4−k)/2, and then add them up side by side to get∥∥ϕk(x + y) + ϕk(x − y) − 2ϕk(x) − ϕk(y) − ϕk(−y)∥∥
 2
−k + 4−k
2
ε
(
2kx,2ky
)+ 2−k − 4−k
2
ε
(−2kx,−2ky), x, y ∈ G,
where ϕk are defined by (7). In view of the first part of (9) we deduce that ϕ satisfies (A). This
completes the proof. 
Theorem 3. Assume that (G,+) is a uniquely 2-divisible abelian group, (X,‖ · ‖) is a Banach
space and a map ε∗ :G × G → R+ satisfies{
limk→+∞ 4kε∗(2−kx,2−ky) = 0, x, y ∈ G;∑+∞ 4kε∗(2−kx,2−kx) < +∞, x ∈ G. (11)k=0
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then there exists a unique function ϕ :G → X such that (A) and (5) holds, where Δ∗ :G → R+
and Γ ∗ :G → R+ are given by (6) and
δ∗(x) = ε∗(x, x), x ∈ G.
Proof. From (11) it follows that ε∗(0,0) = 0. Thus, on applying (12) with x = y = 0 we get that
f (0) = 0. Next, put y = x in (12) to get∥∥f (2x) − 3f (x) − f (−x)∥∥ ε(x, x), x ∈ G.
If δ :G → R+ is defined by δ(x) = ε(x, x) for x ∈ G, then the assumptions of Lemma 1 are
satisfied.
We need to check that (A) holds. Slightly modifying the arguments presented in the previous
proofs we get that∥∥ϕ∗k (x + y) + ϕ∗k (x − y) − 2ϕ∗k (x) − ϕ∗k (y) − ϕ∗k (−y)∥∥
 4
k + 2k
2
ε
(
x
2k
,
y
2k
)
+ 4
k − 2k
2
ε
(−x
2k
,
−y
2k
)
, x, y ∈ G,
where ϕ∗k are given by (8). In view of the first part of (9) we deduce that ϕ satisfies (A). This
completes the proof. 
The following corollary improves the estimation obtained by Jung and Sahoo in [12].
Corollary 1. Assume that (G,+) is an abelian group, (X,‖ · ‖) is a Banach space and ε  0. If
f :G → X satisfies∥∥f (x + y) + f (x − y) − 2f (x) − f (y) − f (−y)∥∥ ε, x, y ∈ G,
then there exists a unique function ϕ :G → X such that (A) holds and∥∥f (x) − ϕ(x)∥∥ 3
2
ε, x ∈ G.
Proof. We will use Theorem 2 applied with ε(x, y) = ε for x, y ∈ G. It can be easily checked
that under notations of that theorem
δ(x) = 3
2
ε, Δ(x) = 6ε, Γ (x) = 0, x ∈ G. 
4. Stability of (B)
Theorem 4. Assume that (G,+) is an abelian group, (X,‖ · ‖) is a Banach space and a map
ε :G × G × G → R+ satisfies{
limk→+∞ 2−kε(2kx,2ky,2kz) = 0, x, y, z ∈ G;∑+∞
k=0 2−kε(2kx,2kx,−2kx) < +∞, x ∈ G.
(13)
If f :G → X satisfies
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 ε(x, y, z), x, y, z ∈ G, (14)
then there exists a unique function ϕ :G → X such that (B) and (2) holds, where Δ :G → R+
and Γ :G → R+ are given by (3) and
δ(x) = ε(x, x,−x) + 2ε(0,0,0), x ∈ G.
Proof. Apply (14) with x = y = z = 0 to get that ‖f (0)‖ ε(0,0,0). Then substitute y = x and
z = −x in (14) to obtain∥∥f (2x) + 2f (0) − 3f (x) − f (−x)∥∥ ε(x, x,−x), x ∈ G.
From this we derive∥∥f (2x) − 3f (x) − f (−x)∥∥ ε(x, x,−x) + 2ε(0,0,0), x ∈ G.
Define δ :G → R+ by δ(x) = ε(x, x,−x) + 2ε(0,0,0) for x ∈ G and observe that the assump-
tions of Lemma 1 are satisfied. Thus, to finish the proof we need only to observe that (B) holds.
By (14) we have∥∥f (2kx + 2ky + 2kz)+ f (2kx)+ f (2ky)+ f (2kz)− f (2kx + 2ky)
− f (2ky + 2kz)− f (2kz + 2kx)∥∥ ε(2kx,2ky,2kz), x, y, z ∈ G
and ∥∥f (−2kx − 2ky − 2kz)+ f (−2kx)+ f (−2ky)+ f (−2kz)− f (−2kx − 2ky)
− f (−2ky − 2kz)− f (−2kz − 2kx)∥∥ ε(−2kx,−2ky,−2kz), x, y, z ∈ G.
Multiply both sides of the first inequality by (2−k + 4−k)/2 and of the second one by
(2−k − 4−k)/2, and then add them up side by side to get that∥∥ϕk(x + y + z) + ϕk(x) + ϕk(y) + fk(z) − ϕk(x + y) − ϕk(y + z) − ϕk(z + x)∥∥
 2
−k + 4−k
2
ε
(
2kx,2ky,2kz
)+ 2−k − 4−k
2
ε
(−2kx,−2ky,−2kz), x, y, z ∈ G,
where ϕk are given by (7). In view of the first part of (13) we deduce that ϕ satisfies (B). This
completes the proof. 
Theorem 5. Assume that (G,+) is a uniquely 2-divisible abelian group, (X,‖ · ‖) is a Banach
space and a map ε∗ :G × G × G → R+ satisfies{
limk→+∞ 4kε∗
(
2−kx,2−ky,2−kz
)= 0, x, y, z ∈ G;∑+∞
k=1 4kε∗
(
2−kx,2−kx,−2−kx)< +∞, x ∈ G. (15)
If f :G → X satisfies∥∥f (x + y + z) + f (x) + f (y) + f (z) − f (x + y) − f (y + z) − f (z + x)∥∥
 ε∗(x, y, z), x, y, z ∈ G, (16)
then there exists a unique function ϕ :G → X such that (B) and (5) holds, where Δ∗ :G → R+
and Γ ∗ :G → R+ are given by (6) and
δ∗(x) = ε(x, x,−x), x ∈ G.
780 W. Fechner / J. Math. Anal. Appl. 322 (2006) 774–786Proof. From (15) we get that ε∗(0,0,0) = 0, thus (14) applied with x = y = z = 0 implies that
f (0) = 0. Then substitute y = x and z = −x in (14) to obtain∥∥f (2x) − 3f (x) − f (−x)∥∥ ε(x, x,−x), x ∈ G.
Define δ∗ :G → R+ by δ∗(x) = ε∗(x, x,−x) for x ∈ G and observe that the assumptions of
Lemma 2 are satisfied. We have to prove that (B) holds. By repeating the arguments presented
before we can get the estimation∥∥ϕ∗k (x + y + z) + ϕ∗k (x) + ϕ∗k (y) + ϕ∗k (z) − ϕ∗k (x + y) − ϕ∗k (y + z) − ϕ∗k (z + x)∥∥
 4
k + 2k
2
ε
(
x
2k
,
y
2k
,
z
2k
)
+ 4
k − 2k
2
ε
(−x
2k
,
−y
2k
,
−z
2k
)
, x, y, z ∈ G.
The first part of (15) and Remark 1 imply that ϕ satisfies (B). This completes the proof. 
The next corollary generalizes some of the results of Jung [11].
Corollary 2. Assume that (G,+) is an abelian group, (X,‖ · ‖) is a Banach space and ε  0. If
f :G → X satisfies∥∥f (x + y + z) + f (x) + f (y) + f (z) − f (x + y) − f (y + z) − f (z + x)∥∥ ε,
x, y, z ∈ G,
then there exists a unique function ϕ :G → X such that (B) holds and∥∥f (x) − ϕ(x)∥∥ 3ε, x ∈ G.
Proof. We will use Theorem 4 applied with ε(x, y, z) = ε for x, y, z ∈ G. Under notations from
this theorem we have
δ(x) = 3ε, Δ(x) = 12ε, Γ (x) = 0, x ∈ G. 
5. Stability of (C)
Theorem 6. Assume that (G,+) is an abelian group, (X,‖ · ‖) is a Banach space, a map ε :G×
G → R+ satisfies (9) and
+∞∑
k=0
2−kε
(
2kx,−2kx)< +∞, x ∈ G,
and a map η :G × G → R+ satisfies{
limk→+∞ 2−kη(2kx,2ky) = 0, x, y ∈ G;∑+∞
k=0 2−kη(2kx,2kx) < +∞, x ∈ G.
(17)
If f :G → X and φ :G × G → X solve the inequalities∥∥f (x + y) − f (x) − f (y) − 2φ(x, y)∥∥ ε(x, y), x, y ∈ G; (18)∥∥φ(x,−y) + φ(x, y)∥∥ η(x, y), x, y ∈ G, (19)
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where Δ :G → R+ and Γ :G → R+ are given by (3) and
δ(x) = ε(x, x) + ε(x,−x) + ε(0,0) + 2η(x, x) + 1
2
η(0,0), x ∈ G.
Moreover,∥∥φ(x, y) − B(x, y)∥∥ 1
2
ε(x, y) + 1
8
[
Δ(x + y) + Δ(x) + Δ(y)]
+ 1
16
[
Γ (x + y) + Γ (x) + Γ (y)], x, y ∈ G.
Proof. Apply (19) with x = y = 0 to get that ‖φ(0,0)‖ η(0,0)/2. Now, put x = y = 0 in (18)
to obtain ‖f (0)‖ ε(0,0) + η(0,0)/2. Substitute y = −x in (18) to get∥∥f (0) − f (x) − f (−x) − 2φ(x,−x)∥∥ ε(x,−x), x ∈ G.
Then, put y = x in (18) to obtain∥∥f (2x) − 2f (x) − 2φ(x, x)∥∥ ε(x, x), x ∈ G.
Joining the above two inequalities with (19) applied with y = x we arrive at∥∥f (2x) + f (0) − 3f (x) − f (−x)∥∥ ε(x, x) + ε(x,−x) + 2η(x, x), x ∈ G.
Finally,
∥∥f (2x) − 3f (x) − f (−x)∥∥ ε(x, x) + ε(x,−x) + ε(0,0) + 2η(x, x) + 1
2
η(0,0),
x ∈ G.
Thus the assumptions of Lemma 1 are satisfied with δ(x) = ε(x, x) + ε(x,−x) + ε(0,0) +
2η(x, x) + 12η(0,0). Now, observe that (C) holds. In fact, by (18) we have∥∥f (2kx + 2ky)− f (2kx)− f (2ky)− 2φ(2kx,2ky)∥∥ ε(2kx,2ky), x, y ∈ G
and ∥∥f (−2kx − 2ky)− f (−2kx)− f (−2ky)− 2φ(−2kx,−2ky)∥∥ ε(−2kx,−2ky),
x, y ∈ G
Multiply both sides of the first inequality by (2−k + 4−k)/2 and of the second one by (2−k −
4−k)/2, and then add them up side by side. Then we get∥∥ϕk(x + y) − ϕk(x) − ϕk(y) − 2Bk(x, y)∥∥
 2
−k + 4−k
2
ε
(
2kx,2ky
)+ 2−k − 4−k
2
ε
(−2kx,−2ky), x, y ∈ G,
where
Bk(x, y) = 2
−k + 4−k
2
φ
(
2kx,2ky
)+ 2−k − 4−k
2
φ
(−2kx,−2ky), x, y ∈ G.
By the first part of (9), for all x, y ∈ G the sequence {Bk(x, y): k ∈ N} is convergent to
(1/2)[ϕ(x + y) − ϕ(x) − ϕ(y)]. Define B :G × G → X by B(x, y) = limk→+∞ Bk(x, y) for
x, y ∈ G. By (19) we have
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 2
−k + 4−k
2
∥∥φ(2kx,2ky)+ φ(2kx,−2ky)∥∥
+ 2
−k − 4−k
2
∥∥φ(−2kx,−2ky)+ φ(−2kx,2ky)∥∥
 2
−k + 4−k
2
η
(
2kx,2ky
)+ 2−k − 4−k
2
η
(−2kx,−2ky), x, y ∈ G.
(17) implies that B(x, y) = −B(x,−y) for x, y ∈ G, thus (C) has been proved.
To finish the proof fix x, y ∈ G and observe that∥∥2B(x, y) − 2φ(x, y)∥∥

∥∥f (x + y) − f (x) − f (y) − 2φ(x, y)∥∥+ ∥∥f (x + y) − ϕ(x + y)∥∥
+ ∥∥f (x) − ϕ(x)∥∥+ ∥∥f (y) − ϕ(y)∥∥
 ε(x, y) + 1
4
[
Δ(x + y) + Δ(x) + Δ(y)]+ 1
8
[
Γ (x + y) + Γ (x) + Γ (y)].
This completes the proof. 
Theorem 7. Assume that (G,+) is a uniquely 2-divisible abelian group, (X,‖ · ‖) is a Banach
space, a map ε∗ :G × G → R+ satisfies (11) and
+∞∑
k=1
2kε
(
2−kx,−2−kx)< +∞, x ∈ G,
and a map η∗ :G × G → R+ satisfies{
limk→+∞ 2kη∗(2−kx,2−ky) = 0, x, y ∈ G;∑+∞
k=1 2kη∗(2−kx,2−kx) < +∞, x ∈ G.
(20)
If f :G → X and φ :G × G → X solve inequalities∥∥f (x + y) − f (x) − f (y) − 2φ(x, y)∥∥ ε∗(x, y), x, y ∈ G; (21)∥∥φ(x,−y) + φ(x, y)∥∥ η∗(x, y), x, y ∈ G, (22)
then there exist unique functions ϕ :G → X and B :G×G → X such that (C) and (5) hold true,
where Δ∗ :G → R+ and Γ ∗ :G → R+ are given by (6) and
δ∗(x) = ε∗(x, x) + ε∗(x,−x) + 2η∗(x, x), x ∈ G.
Moreover,∥∥φ(x, y) − B(x, y)∥∥ ε∗(x, y) + 1
16
[
Δ∗(x + y) + Δ∗(x) + Δ∗(y)]
+ 1
8
[
Γ ∗(x + y) + Γ ∗(x) + Γ ∗(y)], x, y ∈ G.
Proof. From (11) and (20) it follows that ε∗(0,0) = η∗(0,0) = 0, so f (0) = 0. Substitute
y = −x in (18) to get∥∥f (0) − f (x) − f (−x) − 2φ(x,−x)∥∥ ε∗(x,−x), x ∈ G.
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Thus, by (20),∥∥f (2x) − 3f (x) − f (−x)∥∥ ε∗(x, x) + ε∗(x,−x) + 2η∗(x, x), x ∈ G.
therefore, the assumptions of Lemma 2 are satisfied.
Similarly as before, we can obtain∥∥ϕ∗k (x + y) − ϕ∗k (x) − ϕ∗k (y) − 2B∗k (x, y)∥∥
 4
k + 2k
2
ε∗
(
x
2k
,
y
2k
)
+ 4
k − 2k
2
ε∗
(−x
2k
,
−y
2k
)
, x, y ∈ G,
where
B∗k (x, y) =
4k + 2k
2
φ
(
x
2k
,
y
2k
)
+ 4
k − 2k
2
φ
(−x
2k
,
−y
2k
)
, x, y ∈ G.
By the first part of (11), for all x, y ∈ G the sequence {B∗k (x, y): k ∈ N} is convergent
to (1/2)[ϕ(x + y) − ϕ(x) − ϕ(y)]. Define B :G × G → X by the formula B(x, y) =
limk→+∞ Bk(x, y) for x, y ∈ G. On account of (19) and then of (17) we can check that
B(x, y) = −B(x,−y) for x, y ∈ G, and thus (C) has been proved.
To finish the proof fix x, y ∈ G and observe that∥∥2B(x, y) − 2φ(x, y)∥∥ ∥∥f (x + y) − f (x) − f (y) − 2φ(x, y)∥∥
+ ∥∥f (x + y) − ϕ(x + y)∥∥+ ∥∥f (x) − ϕ(x)∥∥+ ∥∥f (y) − ϕ(y)∥∥
 ε∗(x, y) + 1
8
[
Δ∗(x + y) + Δ∗(x) + Δ∗(y)]
+ 1
4
[
Γ ∗(x + y) + Γ ∗(x) + Γ ∗(y)].
Thus the proof has been completed. 
Corollary 3. Assume that (G,‖ · ‖) is an abelian group, (X,‖ · ‖) is a Banach space and
ε, η ∈ R+. If f :G → X and φ :G × G → X satisfy∥∥f (x + y) − f (x) − f (y) − 2φ(x, y)∥∥ ε, x, y ∈ G;∥∥φ(x, y) + φ(x,−y)∥∥ η, x, y ∈ G,
then there exist unique functions ϕ :G → X, B :G × G → X such that (C) holds and∥∥f (x) − ϕ(x)∥∥ 3ε + 3
4
η, x ∈ G.
Moreover,∥∥φ(x, y) − B(x, y)∥∥ 37
4
ε + 9
4
η, x, y ∈ G.
Proof. We will use Theorem 6 applied with ε(x, y) = ε and η(x, y) = η for x, y ∈ G. It can be
easily check that under notations of this theorem
δ(x) = 3ε + 3
4
η, Δ(x) = 12ε + 3η, Γ (x) = 0, x ∈ G. 
784 W. Fechner / J. Math. Anal. Appl. 322 (2006) 774–7866. Concluding remarks
Remark 1. All the three stability problems presented above can be investigated by a different
method, namely by decomposing the unknown function into its even and odd part. For example,
let f :G → X satisfies (10). Then define mappings g,h :G → X by
g(x) = f (x) − f (−x)
2
, h(x) = f (x) + f (−x)
2
, x ∈ G.
Clearly, g is odd, whereas h is even. From (10) it follows that∥∥g(x + y) + g(x − y) − 2g(x)∥∥ ε1(x, y), x, y ∈ G,
where ε1 :G×G → X is the even part of ε. After changing the roles of x and y in this inequality
and adding up the two inequalities obtained side by side, we arrive at∥∥g(x + y) − g(x) − g(y)∥∥ 1
2
[
ε1(x, y) + ε1(y, x)
]
, x, y ∈ G.
On the other hand,∥∥h(x + y) + h(x − y) − 2h(x) − 2h(y)∥∥ ε1(x, y), x, y ∈ G.
At this moment we may use the appropriate results connected with the stability of the Cauchy
functional equation and the Jordan–von Neumann functional equation, respectively. Theorems
of that type where G is a normed linear space and ε1(x, y) = ‖x‖p + ‖y‖p have been obtained
by Rassias (for the Cauchy equation) and by Czerwik (for the Jordan–von Neumann equation)
and can be found in the book of Hyers et al. [10]. A more general result for the Cauchy equation
has been proved by Borelli and Forti in [2].
In the sequel we are going to concentrate on the classical case, where the map ε1 is constant
and equal to some ε ∈ R+. The stability results we are going to make use of are due to Hyers [9]
and Cholewa [3], see also Hyers et al. [10]. Thus we get the existence of an additive mapping
a :G → X and a quadratic one q :G → X such that∥∥g(x) − a(x)∥∥ ε, ∥∥h(x) − q(x)∥∥ 1
2
ε, x ∈ G.
Finally, we get that∥∥f (x) − a(x) − q(x)∥∥ 3
2
ε, x ∈ G.
It is known that the constants ε and (1/2)ε in Theorems of Hyers and of Cholewa cannot be
sharpened, even if we know that g is odd and h is even. However, the next remark will show that
in certain cases the method described above will not lead to a sharp estimation.
Remark 2. Define δ :R → R+ by the formula
δ(x) =
{2.1, x > 0,
1.1, x = 0,
0.1, x < 0,
and let ε :R × R → R+ be a bounded function which satisfies ε(x, x) + ε(0,0)/2 = δ(x) for
x ∈ R. Further, assume that (10) holds, i.e.,∥∥f (x + y) + f (x − y) − 2f (x) − f (y) − f (−y)∥∥ ε(x, y), x, y ∈ R.
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that ∥∥f (x) − a(x) − q(x)∥∥Λ(x), x ∈ G,
where
Λ(x) =
⎧⎪⎨
⎪⎩
1.1 + 13 , x > 0,
1.1, x = 0,
1.1 − 13 , x < 0.
On the other hand, the method described in the previous remark will lead to the estimation
∥∥f (x) − a(x) − q(x)∥∥ 3
2
· 1.1, x ∈ G
(note that the mappings a and q have to be the same in these two inequalities). Clearly, for each
x ∈ R, the first estimation is sharper. Thus, we can see that our results are more interesting in the
case where the right-hand side of the investigated inequality fails to be even.
Remark 3. If in the system of inequalities (18), (19) (or (21), (22)) only function f is of interest,
then this system can be reduced to (10) (or (12), respectively). Indeed, we have∥∥f (x + y) + f (x − y) − 2f (x) − f (y) − f (−y)∥∥

∥∥f (x + y) − f (x) − f (y) − φ(x, y)∥∥+ ∥∥φ(x, y) + φ(x,−y)∥∥
+ ∥∥f (x − y) − f (x) − f (−y) − φ(x,−y)∥∥
 ε(x, y) + ε(x,−y) + η(x, y), x, y ∈ G.
Conversely, if f :G → X satisfies (10), then define φ :G × G → X by the formula
φ(x, y) = 1
4
[
f (x + y) − f (x − y) − f (y) − f (−y)], x, y ∈ G.
One may check that
φ(x, y) = −φ(x, y), x, y ∈ G,
and ∥∥f (x + y) − f (x) − f (y) − 2φ(x, y)∥∥
= 1
2
∥∥f (x + y) + f (x − y) − 2f (x) − f (y) − f (−y)∥∥
 1
2
ε(x, y), x, y ∈ G.
Consequently, Theorems 6 and 7 are useful if we are interested in functional φ. Then these two
results state that if φ possesses certain property of biadditive functionals (namely (19) or (22))
with some η-accuracy and it is ε-close to a Cauchy difference (of any function f :G → X), then
it is also close to a certain biadditive and symmetric functional. From that point of view these
results are analogous to our earlier ones (see [6,7]), where we were assuming that φ is bounded
by a Cauchy difference and possesses certain properties of biadditive functionals.
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